Abstract: This paper analyses aspects of the approximation theory application on the certain subsets of the measured samples of the transformer excitation current and the sinusoidal magnetic flux. The presented analysis is performed for single-phase transformer case, Epstein frame case and toroidal core case. In the paper the theorem of direct mapping the transformer excitation current in the stationary regime is proposed. The excitation current is mapped to the dynamic hysteresis loop branch (in further text DHLB) by an appropriate cosine transformation. This theorem provides the necessary and satisfactory conditions for above described mapping. The theorem highlights that the transformer excitation current under the sinusoidal magnetic flux has qualitatively equivalent information about magnetic core properties as the DHLB. Furthermore, the theorem establishes direct relationship between the number of the transformer excitation current harmonics and their coefficients with the degree of the DHLB interpolation polynomial and its coefficients. The DHLB interpolation polynomial is calculated over the measured subsets of samples representing Chebyshev nodes of the first and the second kind. These nonequidistant Chebyshev nodes provides uniform convergence of the interpolation polynomial to the experimentally obtained DHLB with an excellent approximation accuracy and are applicable on the approximation of the static hysteresis loops and the DC magnetization curves as well.
Introduction
Different approaches to the magnetic hysteresis modeling have been researched and developed over the last century. The study of the hysteresis phenomenon has been oriented towards a detailed experimental research and observation (Ewing [1] , Madelung [2] ) from the very onset. At the same time, significant endeavors have been made to find such mathematical expressions that would accurately describe magnetic curve upon certain physical parameters (Langevin [3] , Brillouin [4] ). This idea has been further developed in the works of Preisach [5] and Jiles-Atherton [6] .
From the point of view of engineering, an approach based on fitting the experimentally obtained magnetic curve data with the properly chosen approximation function was applied in the works of Fisher and Moser [7] , Trutt and Erdélyi [8] , Widger [9] , Brauer [10] , Rivas, Zamarro, Martin and Pereira [11] .
But, after Jiles-Atherton method was published, over the last three decades the researchers have mostly focused on the comparative study, systematization and improvement of Preisach's [5] and Jiles-Atherton's [6] hysteresis models in the works of Mayergoyz [12] , Bertotti [13] , Iványi [14] , Della Torre [15] , Takács [16] , and other authors mostly referenced in the above-mentioned works. In the process of searching for optimal mathematical models of hysteresis curves, the idea of representing the entire major hysteresis loop by a single function, mostly because of the unsatisfactory accuracy and computation efficiency, was somehow pushed aside.
The basic idea of this work draws upon the property of discrete orthogonality of the Chebyshev polynomials [17, 18] over the subsets of the excitation transformer current and the sinusoidal magnetic flux samples that represent Chebyshev nodes of the first (CHN_I) and the second kind (CHN_II) [18] . This property provides that an algebraic form of the DHLB approximation polynomial can be represented as a sum of products of the Chebyshev polynomials and the coefficients computed by using discrete Fourier transformation (DFT) over the sample subsets CHN_I and CHN_II [18] . Actually, the trigonometric cosine interpolation polynomial [19] of the transformer excitation current is generated in the same way. Section 5 looks at the existence of the sample subsets CHN_I and CHN_II, depending on the applied sampling system. This is the main advantage over all proposed approximations [7 -11] in terms of both accuracy and computing efficiency. The fact that the coefficients of discrete Chebyshev and Fourier transformation over the subsets CHN_I and CHN_II are equivalent [18] enables uniform convergence of the interpolation polynomial to the experimentally obtained DHLB in the same way as the trigonometric cosine polynomial uniform converge to the excitation transformer current. Consequently, both the accuracy and the computation efficiency are on the level of discrete Fourier transformation. This topic is considered in Section 5.
With the equivalent level of accuracy, a single approximation function in the form of the interpolation polynomial has an obvious advantage in computation efficiency over the representation of the major dynamic hysteresis loop proposed in [7 -11] or over the representation by splines.
The relations among relevant magnitudes are presented in Section 2. Section 3 contains mathematical conditions that must be fulfilled for a good quality approximation. The theorem is presented in Section 4. Section 5 discusses the practical aspects of the given theorem. Section 6 contains conclusions and guidelines for the future research.
Relations among relevant magnitudes
The relation between the single-phase transformer/Epstein frame input voltage, excittation current and magnetic flux by virtue of the II Kirchhoff law is given by
where R 1 is resistance of the primary winding, L σ1 is leakage reactance of the primary winding, u 1 (t) is input voltage, i 0 (t) is excitation current, N 1 -number of turns in the primary winding, φ(t) -time-domain function of the single turn flux in the magnetic core and e(t) = dφ(t)/dt -electromotive force (EMF) induced in the single turn of either primary or secondary winding. Since the magnetic core is made of the ferromagnetic material, the function φ(i 0 ) is nonlinear. Due to the nonlinearity of the function φ(i 0 ) i.e. i 0 (φ), the excitation current i 0 (t) will be nonsinusoidal and thus the sinusoidal excitation u 1 (t) will produce the nonsinusoidal response given by
Because of the nonsinusoidal first derivative dφ(t)/dt of the periodic function φ(t), it follows that φ(t) is nonsinusoidal as well. However, relevant references [20, 21] treat the computation of EMF induced in the single turn of the transformer winding assuming that the magnetic flux φ(t) in the given magnetic core is sinusoidal. Similarly, the magnetic flux φ(t) is treated in the standards for Epstein frame measurement [22, 23] and measurements based on the Epstein frame principle [24] . This is done for practical reasons which are explained in the following section.
Conditions for Magnetic Flux Approximation
with Sine Wave Function in the Time Domain
Conditions
The term of the equation (2) given by
with the rated transformer current I 1n does not exceed values of the short circuit voltage [21] , which is about 10 -2 times the order of magnitude of the input voltage u 1 (t). In particular:
u 1 (t). The same statement holds to the ratio between the excitation and the rated transformer current magnitude: i 0 (t) ~ 10 -2 i 1n (t) [21] . Thus, for the magnitude of the term
so it can be neglected and the equation (1) can be approximated as
The equation (5) shows that the magnetic flux in the single-phase transformer, Epstein frame and toroidal core specimen in the stationary regime with the sinusoidal input voltage u 1 (t) can be treated as a pure sine wave.
Excitation current in excitation winding and sine wave magnetic flux relation
Taking into account previous ascertainment, the reference [20] gives mutual relationship between the excitation current and the magnetic flux in the form known as the dynamic hysteresis loop (illustrated in Fig. 1 .11 [20] ).
This one dynamic hysteresis loop, that is symmetric to the origin i 0 -φ, implies that the extreme values of the magnetic flux and the excitation current comes together (synchronously).
Based on the two above analyzed conditions: 1 -sinusoidal magnetic flux in the magnetic core and 2 -synchronous appearance of the extreme values of the magnetic flux and the excittation current with addition of the condition 3 -that the excitation current i 0 (t) between its consecutive negative and positive extreme values is strictly monotonic, the theorem about mapping the excitation current i 0 (t) from the time (or electric angle  = t) segment between its consecutive negative and positive (or vice versa) extreme values, to the dynamic hysteresis loop branch i 0 (φ) onto normalized segment of the magnetic flux values φ[-1,1], can be derived. 
The Theorem
and let φC[-,] to be the sinusoidal magnetic flux function of the electric angle in the transformer/Epstein frame magnetic core across the excitation winding that satisfies the condition
Then the mapping i 0 (cos) = i 0 () represents the dynamic hysteresis loop branch function i 0 (φ) of the magnetic flux domain variable:
The functions i 0 () and φ() satisfying conditions of the Theorem I are shown in . 
in such way that compliance with the conditions (6) and (8) is ensured. Then, based on the assumption that φ()C[-,] is a sinusoidal function, it follows that φ() = cos. The functions i 0 () and φ() are given parametrically. Since the analytical form of the function i 0 () is unknown, it is necessary to find a new parameter function x() so that is φ( -1 (x)) = x( -1 (φ)). In such way a linear dependence φ(x) = x(φ) (Fig. 1) is established, which further allows direct derivation of the function i 0 (φ) starting from the new parametric form of the function i 0 (x) and φ(x).
By mapping of the segment [-,0] into the segment x [-1,1] using the function x = cos (Fig. 1) , the monotonic function i 0 ()[-I m , I m ], based on (7), is uniquely transformed into a new monotonic function
so that holds
cos cos , 0, 1 cos cos 1.
Also, the mapping of the segment [-,0] into the segment x[-1,1] using the function x = cos (Fig. 1) , the cosine magnetic flux function φ() = cos[-1,1] is transformed into a linear function φ(x) = cos(arccosx) = x. This function actually is the Chebyshev polynomial of the first kind T 1 (x) = x, so that its inverse function (Fig. 1) is
Based on equations (10) and (11) 
which statement was to be proved. ■ The steps in proving the theorem and the result of the theorem are graphically shown in Fig. 1 .
When the extreme values of the magnetic flux function deviate from the unit values, but meet the condition 
Based on (8) and (15) it follows that
which statement was to be proved. ■
The result of the Corollary 1 is graphically shown in Fig. 2 .
Fig. 2 -The process of excitation current mapping into hysteresis loop branch for arbitrary magnetic flux amplitude value.

Note 4:
The magnetic flux in certain operating conditions, particularly during the transition process, is not a sinusoidal function of time. The Theorem I does not apply in such cases, neither the Corollary I.
Discussion
1. The Theorem I, along with its Corollary I, shows that the excitation winding current characterizes qualitatively in the same way the behavior of a magnetic circuit under sinusoidal magnetic flux just as its hysteresis loop branch does. 2. The Theorem I and its Corollary I do not determines the analytical dependence of the above-mentioned functions of physical processes in the magnetic circuit, but determines the conditions under which the results of approximation theory [17 -19] can be precisely applied. In particular, this means the following:
The mapping of the segment [-,0] on [-1,1] by using the parametric function x = cos ( = 2t/T) the functions cos(k), k = 0,…,n defined on the segment [-,0] are transformed into the Chebyshev polynomials of the first kind T 1 (x) = cos(k(arccosx)), k = 0,…,n, on the segment [-1,1], which is why the excitation current cosine polynomial is of the form
where i 0 () meets the requirements of the Theorem I. Then this function is directly transformed into an algebraic polynomial of the form
In the case of using the parametric function Φ m cos for the mapping of [-,0] on φ[-Φ m , Φ m ], the cosine polynomial (15) is directly transformed into the algebraic polynomial of the form
with identical values of the coefficients C k as in (15), (16) and (17). This is the main result in the practical application of the Theorem I and its Corollary I (in further text Theorem I) regarding the computing efficiency and approximation accuracy.
Technical requirements for obtaining Chebyshev nodes and determination of the subsets of samples that represent the nodes of the first and the second kind.
Technical requirements for the successful application of the Theorem I imply the use of the zero crossing sampling system, such as the set of two Agilent 3458 A multimeters that was used in the experimental validation of the Theorem I together with the sinusoidal voltage source Fluke 6100 A with f = 50 Hz mains frequency. A single phase transformer 220 V/57.73 V, S n = 100 VA was used as a measuring object for this purpose.
The sampling rate of 10 kHz gives a set of 101 synchronized excitation current and magnetic flux samples across the electric angle segment [-,0], ( = 2ft). The first sample from this set that corresponds to the negative extremum, for both the flux and the excitation current, is indexed with the index value 0. Then, the last sample from this set that corresponds to the positive extremum for both the flux and the excitation current is indexed with the index value 100.
Let the sample index be denoted with k. Then the CHN_I nodes are determined by the expression [18]     
For obtaining the series of ascending sample values for the electric angle segment [-,0], the expressions (18) and (19) are to be rearranged into the appropriate form
and   cos , 0,1, ,
Finally, by means of the substitution  = /100, where  represents the sampling step, expressions (20) and (21) 
and   100 cos , 0,1, ,
Based on (22) , the expression for determining index values of the CHN_I nodes is derived
The above expression allows only those values for n ChI that produce the integer values for k ChI . Therefore, n ChI can take only the values from the set {50,25,10,5,2,1}. Similarly, from (23) it is obtained (25) and integer values for k ChII will be obtained only if n ChII takes values from the set {101,51,26,11,6,5,3,2}.
In Table 1 are represented all possible index values obtained from the expressions (24) and (25), except for the values for n ChI  5 and n ChII  6. The reason for this is that an expected number of excitation current harmonics is certainly higher then 5. In addition, the index values for n ChII = 101 are excluded from the Table 1. In the case of n ChII = 101, the entire set of samples would be included and thus an analysis of the error distribution could not be possible. 
The discrete orthogonality of the Chebyshev polynomials and two examples of practical application of the Theorem I
An interpolation polynomial over n+1 CHN_I nodes from normalized flux domain segment x [-1,1] has the following form [18] 
By virtue of the discrete orthogonality [17, 18] of the Chebyshev polynomials over CHN_I nodes, the c k coefficients are computed by two equivalent expressions 
In accordance with (15) and (16) a cosine interpolation polynomial over ±1 CHN_I nodes in the electrical angle domain [-,0] has the following form [18]   
Metrological aspects of the Theorem I
Besides the modeling of the dynamic hysteresis loop branches for different purposes, the Theorem I has practical metrology application in determining three parameters of the given magnetic circuit:
1. Coercive current (field), 2. Area of the closed hysteresis loop and 3. Remanence (redsidual) flux. This is the main reason why the theorem was experimentally validated on a single phase transformer as a measuring object, in order to be applicable without limitation to either the Epstein frame (single sheet or toroidal core specimen), in which case the H(B) interpolation polynomial is to be determined [25, 26] , or the arbitrary transformer magnetic circuit where the interpolation polynomial i 0 (φ) is to be determined. . 7 -(a) The graphics of the experimentally obtained DHLB curve are represented in Fig. 6 , as well as the interpolation polynomials p nChI (x) and p nChII (x) for
The coercive current (field) determination
n ChI = 10 and n ChII = 11, and error distribution functions e nChI (x) and e nChII (x).
The ordinate values of the DHLB curve and p nChI (x) and p nChII (x) polynomials are magnified by 10 times, whereas the ordinate values of the error distribution functions e nChI (x) and e nChII (x) are magnified by 200 times.
Apart from the approximation accuracy of an interpolation polynomial, an error distribution function enables the observation of the relationship between the degree of an interpolation polynomial and its convergence to the approximated DHLB. As an illustration of convergence behavior, Fig. 7 represents the graphics of the experimentally obtained DHLB curve and its interpolation polynomials for n ChI = 10, n ChII = 11, n ChI = 25 and n ChII = 26 nodes, together with the corresponding error distribution functions. As a result of a very good convergence of the higher degree interpolation polynomial to the DHLB, the magnification of the polynomial ordinate values is retained at 10 times, whereas the ordinate values of the error distribution functions are magnified by 1000 times.
Conclusion
An excitation current that fulfils the conditions given in the Theorem I can be accurately approximated by using the cosine polynomial of the form (15), whereas its corresponding DHLB can be approximated by using the corresponding algebraic polynomial of the form (16) i.e. (17) , with an equivalent accuracy of approximation for the either normalized or arbitrary magnetic flux amplitude values. From the point of view of metrology, it is important that the above mentioned polynomial can be generated over the discrete subsets of the measured samples, and that an approximation error can be effectively affected by the sampling frequency and the sampling resolution.
The proposed method enables us to express explicitly the DHLB by cosine polynomial in the time (electric angle) domain and by algebraic polynomial in the magnetic flux domain. The earlier represented method of analyzing the hysteresis loops by using the Fourier analysis (Masheva, Geshev and Mikhov [27] ) gives an explicit expression of a hysteresis loop branch only for the electric angle domain in the form of a trigonometric polynomial. Actually, the Theorem I defines the conditions for using both of the above mentioned methods. Therefore, a detailed comparative analysis of the approximation efficiency in the dependence of using these two methods over CHN_I and CHN_II nodes should be the subject of the future work.
The presented method can be fully applied on the approximation of the static hysteresis loop branches as well as on the DC magnetization curves. In the absence of the tabulated data relating to the static hysteresis loops or the DC magnetizing curves, the graphical method for obtaining the CHN_I or CHN_II
